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Abstract. We consider the radial free wave equation in all dimensions and 
derive asymptotic formulas for the space partition of the energy, as time goes to 
infinity. We show that the exterior energy estimate, which Duyckaerts, Merle 
and the second author obtained in odd dimensions [5] [6] , fails in even dimen- 
sions. Positive results for restricted classes of data are obtained. 



1. Introduction 
In this paper we consider solutions to the wave equation 

□u = 0, u(0) = /, ut(0) = .9 (1) 

where (/,<?) G (H 1 x L 2 )(R d ) are radial. Denote by u{t) = S(t)(f,g) the solution 
to this wave equation |T]) with initial data (/, g) at time 0. 

The origin of our work lies in the exterior energy estimates obtained by Duyckaerts, 
the second author, and Merle [5], [5] which state that for d > 3 and odd, one has 
either one of the following estimates (even in the nonradial setting): 

V*>0, / \V t , x S(t)(f,g)(x)\ 2 dx> \ [ (\Vf(x)\ 2 + \g(x)\ 2 )dx 

J\x\>t 1 JR d 

Vt<0, / \V t , x S(t)(f,g)(x)\ 2 dx> ~ [ (\Vf(x)\ 2 + \g(x)\ 2 )dx, 

J\x\>-t 1 JR d 

where 

\V t , x S(t)(f,9)\ 2 = \Vu(t)\ 2 + \d t u(t)\ 2 

is the linear energy density (see (6) Proposition 2.7]). No result of this type was 
established there for even dimensions, and the method of proof used in odd dimen- 
sions does not apply in even dimensions. 

In this paper we show that ([2]) fails in even dimensions. To be specific, there does 
not exist a positive constant which can be substituted on the right-hand side for | 
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and so that the resulting inequality will hold for all (f,g). This will be based on a 
computation of the asymptotic exterior energy 



lim / \Vt, x S(t)(f,g)(x)\ 2 dx 

'~ H= °° ./|x|>|t| 

Note that the exterior energy is decreasing in \t\, whence @ reduces to the com- 
putation of these limits. Since the propagator S(t) is difficult to work with on the 
"physical side", we employ the Fourier transform in this computation. To state our 
asymptotic result, we introduce the Hankel transform H and the Hilbert transform 
J$? on the half- line (0, oo): 

(Htp)(p):= [ ^-da, and (M?<p)(j>) := f°° da 
Jo P + (T Jo P-° 

where the second integral is to be taken in the principal value sense. Both these oper- 
ators are bounded and self-adjoint (anti-selfadjoint, respectively) on L 2 ((0, oo), dp), 
with norm w. Furthermore, H is a positive operator since it is of the form H = Jz? 2 
where jSf = Jzf* is the Laplace transform, see for example Lax [5] for details. This 
positivity is important for our purposes. In even dimensions, we find the following 
expression for the asymptotic exterior energy in terms of H and 3ri£ '. In the next 
two theorems, we use the notation 



(f,g) ■= / f{x)g{x)dx 
Jo 

for two functions /, g on the half-line (0, oo). 

Theorem 1. Let d be even, (f,g) G H 1 x L 2 (R d ) be radial as above, and denote 
by f,g their Fourier transforms in Mr. Then for some constant C(d) > one has 
for the solution u of ^ 

lim C(d) [ \V t , x S(t)(f,g)\ 2 dx = ?- [{p 2 \f{ P )\ 2 + \g{p)\ 2 )p d - x dp 

( — 1)2 /, , d+1 a d+1 ~ , , d-1 , d-1 ,\ , d + 1 a d-1 

+ ({H(pTf),p-Tf) - (H(p—g),p^g)) ± Re</>— /, Jf(p^g)). 

(3) 

The constant C(d) is explicit, see below. This immediately implies that for d = 2 
mod 4, there can be no exterior energy estimate for the initial value problem with 
data (/, 0), whereas there is such an estimate for data of the form (0,g). Indeed, 
we infer from (J3J) and the positivity of the Hankel transform that 

lim C(d) [ \V t , x S{t)(0,g)(x)\ 2 dx = 

*^ ±0 ° J\x\>\t\ 

\ / \g{p)?P d - 1 dp + \{H{p^g),p^g) 



> 77 I \9(p)\ 2 P d - 1 dp = C 1 (d)\\9\\lw 



On the other hand, since \S£ || 2 — 5-2 = \pK, we see that 

(H(p^f),p^f) = \\j?(p^f)\\l 



can come arbitrarily close to 7r||/3 2 ^112 whence no positive definite lower bound 
in (J3J is possible for data (/, 0). We remark that l a ,b/y / o : where b/a — > +00 is an 
explicit extremizing family for Jzf . Symmetrically, if d = mod 4, then there is an 
exterior energy estimate for data (/, 0) but not for (0,g). 
This is in sharp contrast with the asymptotics for odd dimensions: 

Theorem 2. Let d be odd, (f,g) G (H 1 x L 2 )(M. d ) be radial, and denote by f,g 
their Fourier transforms in M. d . Then for some constant C{d) > one has for the 
solution ii 0/ JI) 

Km C(d) f \\7 t , x S(t)(f,g)(x)\ 2 dx=~ [ (p 2 \f{ P )\ 2 + V -1 dp 

*^ ±0 ° J\x\>\t\ 2 J 

± ((-lJ^Re^p^/J.p^fl) +Re(p^ i /,^(p^ i ff)>) . (4) 

>From this one immediately deduces © up to constants. We prove Theorem [TJ [5] 
in Section [5J The failure of @ presents a serious obstruction for the extension of 
the nonlinear machinery developed in [5J |B| to even dimensions. However, see [3J 2] 
for an application of the exterior energy estimate in four dimensions restricted to 
data (/, 0) in the context of equivariant wave maps. 

In order to salvage some aspect of (|2J) in even dimensions, we show in Section [3J 
that at least a delayed exterior energy estimate holds. This is natural in view of two 
facts: 

• energy equipartition 

• at least one of the Cauchy data (/, 0) or (0, g) is favorable in each even 
dimension 

The equipartition property here refers to the fact that after some time, which of 
course depends on the solution, the energy will split more or less evenly between Vu 
and dtu. "Delayed" refers to lifting the forward (say) light-cone upwards by a certain 
amount. Equivalently, it means calculating the energy over |x| > t — T instead of 
\x\ > t for some T > 0. Figure [T] shows the distinction between an exterior region 
both without and with a time delay. 

The choice of this T is a delicate matter and depends on the data (f,g). The 
following proposition expresses our main quantitative energy evacuation result. In 
odd dimensions, results of this nature are obtained via the sharp Huygens principle 
and are simpler to obtain. The novelty here lies again with even dimensions. 

Proposition 3. For all e > and for all (f,g) G (H 1 x L 2 ){W l ) radial there exists 
T = T(e, f, g, d) > such that 

||V M S(i)(/, 5 )||2 2(N < t _ T) < e\\(f,g)\\% lxL2 (5) 

for all t > T . Equivalently, 

\\V t , x S(t)(f,g)\\l H{xl>t _ T) > (l-e)||(/,s)||| lxL2 

for all t > T . 

In combination with finite propagation speed, Proposition [3J implies the following 
result on the concentration of energy near the light-cone. Such statements are well- 
known in odd dimensions, see [5J Lemma 4.1] for the three-dimensional version. 
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Figure 1. Exterior region without and with time delay 

Theorem 4. Let (f,g) E (H 1 x L 2 )(R d ) be radial. Then we have the following 
vanishing of the energy away from the forward light-cone {\x\ = t > 0}: 

lim lim sup || V t ,xS{t)(f, g)\\ L 2 (\\x\- t\>T) = 0. 

Finally, in Section 0] we present various technical results connected with the profile 
decomposition of Bahouri-Gerard [2]. These are even-dimensional versions of im- 
portant devices required by [BJ. See our followup work [3J 13] with A. Lawrie for 
concrete applications of these results. 

2. Asymptotic representation of the exterior energy 

The goal here is to prove the expression ([3]) for the asymptotic exterior energy in 
even dimensions, as well as the exterior energy estimate on the region {|x| > \t\}. We 
shall also contrast this to the analogous known results in odd dimensions. Denote 
by u the solution to the linear wave equation ([1} with initial data (/,<?) at time 0: 

u(t) = S(t)(f,g). 

Given a set y C M. d (possibly depending on time), define the localized energy 
functional on as 

IK^Hlnx^) := / \{\v\ 2 + \Vuf){x)dx. 

We shall make frequent use of the monotonicity of the energy on outer cones, i.e., 
the fact that 

\\( u > d tu)(t)\\ Hi xL 2(\x\>t-T) =■ l|Vt,xU(i)|U2(| x |>t-T) < l|Vt,xU(s)|| i 2 ( | a: |> s _ r) 

for all T < s < t. In this section, T = 0. 
Proof of Theorem [7J The solution is given by 

/ \ / „ sin(tlVl) 

u(t) = cosftM)/ + ^ U g. 
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Let f,g be the Fourier transforms in R d : 

/(£)=/ e-^/^di, f(x) = {2n)- d f e fa «/(0^- 
For radial functions, / is again radial. Recall that 

where J v is the Bessel function of the first type of order v. It is characterized as 
being the solution of 

x 2 j'J(x) + xj' v (x) + {x 2 - v 2 )3 v (x) = (6) 

which is regular at x — (unique up to a multiplicative constant). The inversion 
formula takes the form 

/>oo 

f(r) = (2tt)-* / f(p)J v (rp)(rp)- u p d - 1 dp 
Jo 

The Plancherel identity takes the form \\f\\ 2 = (27r) d ||/||2. For the solution u(t,r) 
this means that 

u(t,r) = (2n)~i J™ (co S (tp)f(p) + ^W)) J v {rp){rp)-» p*' 1 dp 

f°° / s 
d t u(t, r) = (2tt)-5 y {- sm(tp)pf{p) + cos(tp)g(p)) J v (rp){r P y v p^ 1 dp. 

We shall invoke the standard asymptotics for the Bessel functions, see pQ, 
J v (x) = \ — [(1 + u^ix)) cos(x — t) + u>i(x) s'm(x — r)l , 

V 7TX 

J'Jx) = \ — \&\{x) cos(x - r) - (1 + £j 2 {x)) svn(x - r)l . 

V TTX 

with phase-shift r = (d — and with the bounds (for n > 0, x > 1) 

+ |wi n) (a;)| < a^- 1 -", |4 n) (z)l + l4 n) (^)| < C n x- 2 "". (8) 

Moreover, it suffices to let /, g be Schwartz functions by energy bounds, and we 
may assume that f(p) and g{p) are supported on < /9* < p < p* < oo. We begin 
with the kinetic part of the outer energy, viz. 

1 r°° 1 

(27rY l -\\dMmh (lxl > t) ^(^) d \S d - 1 \ J -\d t u(t,r)\ 2 r d -Ur 

= (2 7 r) d |§^ 1 | lim / -\d t u{t,r)\ 2 r d - l e- er dr 



(7) 



f°° f f 1 / " \ (9) 

= J^o + J J J 2 ( _ sia (*^ 1 )/'i/(/ £, i) + cos ( i Pi)ff(Pi)J 

■ f- sm(tp 2 )p 2 f(p 2 ) + cos(tp 2 )g(p 2 )j 

■ JArpi)Jv{rp2){r 2 P i P 2)- u {piP2) d - 1 d Pl dp 2 r^ 1 e~ sr dr. 

For each s > fixed, the integrals here are absolutely convergent. In view of the 
asymptotic expansion of the Bessel functions as stated above, the leading term 
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for ^ is given by the following expression, with /i 



v 



1 _ 6,-1 . 



2 2 

oo oo oo 



- sin(tpi)pi/(pi) + cos(i/Ji)5(pi )J 

(10) 



— lim 

too 

• f- sm(tp 2 )p 2 f(p 2 ) + cos(tp 2 )g(p 2 )^ 
■ cos(rpi - r) cos(rp 2 - t) {pip 2 Y dpidp 2 e~ er dr. 

We shall show later that this indeed captures the correct asymptotic behavior of 
the exterior kinetic energy. To be specific, we make the following claim: 

\d\ad-l\-ltna „,/ + \ll2 , II a „.n\\\2 



(2n) d \S d -'\- 1 (\\d t u(t)\\h { i x i> t) + \\dMt)\\l 2{lxl > t) ) 

2 f°° r f / 

(- sin(fpi)pi/(pi) + cos(ipi).g(pi) 



lim 

7T £^0+ 



2 

H — hm 

7T e->0+ 



(12) 



(- sin(tp 2 )p 2 f(p 2 ) + cos{tp 2 )g{p 2 ) S j 

cos(rpi — t) cos(rp 2 — T)(p\p 2 Y dpidp 2 e~ £r dr (11) 

(cos(tpi)pif(pi) + sin(£pi)<?(pi)) 
• (cos{tp 2 )p 2 f{p 2 ) + sm(tp 2 )g{p 2 )j 

■ sin(rpi - r) sin(rp 2 - r){pip 2 y dp x dp 2 e~ er dr + o(l) 
where o(l) is with respect to i — ¥ ±00. We added in the contribution by d r u: 

roc 

d r u{t, r) = (2tt)-5 J (- S m(tp)pf(p) + co S (tp)g(p)) {pJ' v (rp)- 

vr^Mrp^irpyp^dp 

where r~ 1 J v (rp) will be seen to be an error term. We now proceed to extract ([3]) 
from the integrals in (jlip . In order to carry out the r-integration in (|lip . we use 
(note 2r € (Z + |)tt) 

cos(rpi - r) cos(rp 2 - r) = - [cos(r(pi + p 2 ) - 2r) + cos(r(pi - p 2 ))] 

= ^ [(-1)" sin(r(pi + p 2 )) + cos(r(p! - p 2 ))] 

sin(rpi - r) sin(rp 2 - r) = ^ [- cos(r(pi + p 2 ) - 2r) + cos(r(pi - p 2 ))] 

= ^[-(-l) v sin(r(pi + p2)) + co8(r(pi-/J2))] 

where z/ = 2=2. In what follows, we slightly abuse notation by writing f'(p) := 
Pf(p)- 

For any smooth compactly supported functions 0,-0 on (0,oo), one has for every 

t e M 

eSS+y fj cos ( r ( pi _ P2))4>{Pi)^{P2) &~ er dr dpxdp-2 

= 7T / 0(P)V(P)^ - // Sln(t(Pl ~ P2)) 0(Pl)^(P2) dpidp 2 (13) 
J J J P\- Pi 

6 



J^O+J J J sin ( r ( /91 + P2))4>{pi)i l {P2)e er drdpidp 2 

VV ^ " <t> Pi )i> {P2)dp x dp 2 . (14) 

Pl + P2 

To prove (fT5)) we note that 

/•°° . , _ erj \( e*< w - £ ) e -*( M+£ )\ sin(to) 

lim / cosiarle dr = hm 1 = 7ron(a) 

e ^°+ Jt e ^°+ 2V ta — e ia + e ) a 

where the limit is to be taken in the distributional sense. For (fT4l) the argument is 
essentially the same. 

Carrying out the r-integration using (|T3l) . l|14jl and ignoring constant prefactors 
yields: 



[cos(t(pi - p 2 ))(/'(pi)/'(p 2 ) + g(pi)g(p2)) - sin(t(>i - p 2 ))- 

sin (t(pi - p 2 )) ' 
Pi - P 2 



(/'(Pi).9(p 2 ) - ff(pi)/'(p 2 ))] Uo(Pi - P2) ~ 8ln{t{Pl P2)) ) {P1P2Y d Pl dp 2 

V 01 — Do J 



+ / / [cos(i( Pl + pa))(/'(pi)/'(p 2 ) - 9(pi)g(p 2 )) + sm(t(pi + Pi))- 

■ Cf'{pi)W + g(pi)f{p^)} cos{t{pi + p2)) ( PlP2 r d Pl d P2 

Pl + P2 

which further simplifies to (integration extending over (0, 00)) 

(\f'(p)\*+m\*)p d - l dp 

Iff sin(2t( Pl - P2 )) ( ;/ (pi) 7^) + g( Pl )J(ri)( PlP2 r dpidp 2 
2JJ Pl- p-i 



,2 

Pl - P2 



sm 2 (t( Pl P2)) Q l{pi)§{p2) _ g{ pi )f'( p2 ))( pxp2 y d Pl d P2 (15) 



+ < /y gog(t(^+^)) . ^ 
j j pi + p 2 

+ (-1)1 sin(2^ + pa)) ; + ^ 

2 J J P1+P2 

It remains to determine the limit t — > 00. First, recall that for any a > (with J?" 
denoting the Fourier transform on R) 

_. r sin(aa;) n ... ... _ r cos(ax) 1/ ^. „ n , 1 , A 

^[— ^](0 =7rx(_«,«)(0» -^[— ^](0=«[-X(-oo,-»)+X(a,oo)] ( 16 ) 

The integral on the second line is of the form 

rin(2tfo -P»))^)^y^ = 1 f |^)|^ (17 ) 



Pi - p 2 2 
with </>(p) = /(p)p At . As f — > 00, this approaches 

\u\\i = A\m 
7 
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Hence, the sum of the first and second lines in (TT5T) tends to 



\ I (I/'(p)I 2 + 13001 V~> ™ t 



00 







Integration by parts shows that the fifth line vanishes in the limit t —> oo (the data 
are Schwartz). For the expressions on the third and fourth lines, respectively, we 
use 

cos 2 (a;) = - + - cos(2x), sin 2 (a;) = - — — cos(2a;) 
and (JTHJ), (|17p to deduce that in the limit of (|T5j) as t — > oo equals 

\ /(l/'(p)| 2 + l^)lV _1 dP 
, (-1)* 



2 J J P1+P2 
1 



(f'(pi)f'(p2) - g(pi)g{p2))(piP2T dpid P2 



+ Re // /'(pi)5(p2)(pip 2 ) M dpidp 2 

J J Pi ~ P2 

up to a constant prefactor, and with integration extending over (0, oo). This is 
exactly what (J3J) claims. 

It remains to verify the claimed dominance of the leading order terms of the Bessel 
expansion, see (fTTj) . For simplicity, we restrict ourselves to the kinetic energy ©. 
Subtracting (fTU)) from © yields, with uij as in ©, 



00 oo oo 

— lim 

1 



(- sin(tpi)pi/(pi) + cos(tpi)g(pi) 



■ (- sin(tp 2 )p 2 /(p 2 ) + cos(tp 2 )g(p 2 )) 

• [(w 2 (rpi) + w 2 {rp 2 ) + w 2 (rpi)w 2 (rp 2 )) cos(rpi - r) cos(rp 2 - r) 

+ o>i(rpi)(l + u 2 (rp 2 )) sin(rpi - r) cos(rp 2 - t) 

+ wi(rp 2 )(l + w 2 (rpi)) sin(rp 2 - r) cos(rpi - r) 

+ u 1 (rpi)ui(rp 2 ) sin(rpi - r) sin(rp 2 - r)] (pip 2 ) M dpidp 2 e~ er dr. 

All terms here are treated in a similar fashion. As a representative example, consider 
for all e > the error term 

oo oo oo 

£?i(e) := J J J sm(tpi)sm(tp 2 )cos(rpi - t) sin(rp 2 -r)wi(rp 2 ) 
t o o 

• /(pi)7(p 2 T(piP 2 ) p+1 e^ r dpidp 2 dr, 

As before, we write 

cos(rpi - r) sin(rp 2 - r) = [(-1)" cos(r(pi + p 2 )) + sin(r(pi - p 2 ))] , 

expand the trigonometric functions on the right-hand side into complex exponen- 
tials, and perform an integration by parts in the r variable as follows: for any a G K 
and dropping the subscripts on uj, p for simplicity, one has 

e -[^]r 0J ! rp )dr= u(tp)+ uj'{rp)pdr. (18) 

e =F ia J t e =F io 



We apply this with a = p\ + p% and a = p\ — p 2 to the fully expanded form of 
E\(e) as explained above. In both cases one has the uniform bounds 

sup r —^M—d P2 <cuw 2 . 

e>0 J-oo [Pi ±P2)±l£ L 2 (pi) 

In order to use this, we distribute the exponential factors as well as all weights over 
the functions f(pi) and /(/O2), respectively. For the first term on the right-hand 
side of (TT5)) we then obtain an estimate 0(i _1 ) from the decay of the weight u>, 
whereas for the integral in (fT5)) we obtain a 0(r~ 2 )-bound via 

sup\uj'{rp)p 2 \ < Cr~ 2 
which then leads to the final bound 

/oo 
0{r- 2 )dr = 0(t _1 ). 

The O-here are uniform in e > 0. Note that various p-factors which are introduced 
by the to- weights are harmless due to our standing assumption that < p» < p < p*. 
All error terms fall under this scheme. In fact, those involving two w-factors yield 
a 0(i _2 )-estimate. This concludes the proof. □ 

As an immediate corollary one obtains the exterior energy estimate in even dimen- 
sions. 

Corollary 5. Let d > 2 be even. Let Du = 0, tt(0) = / € H 1 (M d ) be radial, 
u(0) = 0. Then for all t > 0, and provided d = mod 4, 

||V M ^)(/,0)|| 2 L2(r >, ) > C (d)||V/||| 2 (19) 

where c(d) > is an absolute constant that only depends on the dimension. If d = 2 
mod 4 then there can be no estimate of the form (|19p for all t > 0. For the dual 
initial value problem Du — 0, u(0) — 0, u(0) — g £ L 2 (M. d ) radial, one has 

||V tlB S(t)(0 jS )||i a(r > t) >c(d)\\g\\ 2 

if d = mod A, whereas it fails if d = 2 mod 4. 

Proof. Denote the left-hand side of (|T9| by E(t). Since E(t) is decreasing, it suffices 
to consider the limit t — > 00. Let us fix dimensions d = 4, 8, 12, . . . and data (/, 0). 
Then © implies that 

hm C{d)\\V t , x S{t){f,ml H r>t) = l\\^ f\\l + \(H{ P ^ f) (20) 

It is well-known that the Hankel transform H is a positive operator on L 2 ((0,oo)), 
since H = «5f 2 where ££ is the Laplace transform which is self-adjoint. See for 
example [SJ Section 16.3.3]. 

The failure of the estimate for d = 2, 6, 10, . . . and data (/, 0) follows just as easily 
since the operator norm of Jz? on L 2 equals \J~Tt. The Cauchy problem with data 
(0, g) is treated analogously. □ 

For the sake of completeness, we contrast the even-dimensional case of Theorem Q] 
with the odd-dimensional one of Theorem [2j The asymptotic calculations are com- 
pletely analogous to the ones above, with the dimension entering only (in an essen- 
tial way) through the phase-shift r = ^j^-tt m the expansions of the Bessel functions 
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for large arguments. The key feature being that 2t is an integer if d is odd, and a 
half-integer otherwise. 



Proof of Theorem [H We begin by computing the asymptotic form of the exterior 
energy as in even dimensions, say for t > 0. With all Fourier transforms being those 
in M. d , one has 



(2^) d (||a tU (t)||i 2(|;c| > t) + ||a rU (i)||i 2(|:c| > t) ) 

(- sm(tpi)pif(pi) + cos(tpi)g(pi) 



= — lim 

TT s^0+ 



— lim 

TT E->0+ 



sin(tp 2 )p 2 f{p 2 ) + cos(tp 2 )g(p2) ^ 
cos(rpi — t) cos(rp 2 — T)(r 2 pipzY dp\dp 2 e~~ er dr+ (21) 
(cos(tp 1 )p 1 f(pi) + sin(tpi)g(p-ifj 

■ (cos(tp 2 )p 2 /(p 2 ) + sm(tp 2 )g(p 2 )^ 

■ sin(rpi - r) sin(rp 2 - r){pip 2 y dp x dp 2 e~ £r dr + o(l) 

where the o(l) is for t — > oo. Here r = ^j^-n, p — 2=1, Moreover, we used the 
asymptotic expansions of the Bessel functions ([7]) , and we absorbed all error terms 
in the o(l), which is justified by the exact same reasoning as in the proof of ([3]). In 
order to carry out the r-integration, we use (note 2r £ Ztt) 

cos(rpi - r) cos(rp 2 - r) = -[cos(r(pi + p 2 ) - 2r) + cos(r(pi - p 2 ))] 

= ^[(-l) M cos(r( Pl +p 2 )) + cos(r(pi - p 2 ))} 

sin(rpi - t) sin(rp 2 - r) = -[- cos(r(pi + p 2 ) - 2t) + cos(r(pi - p 2 ))] 

= ^[-(- 1 ) AI cos(r( Pl + p 2 )) + cos(r( Pl - p 2 ))] 

In what follows, we slightly abuse notation by writing f'(p) := pf(p)- Carrying 
out the r-integration using (|13p . (|14p and applying trigonometric identities yields 
(ignoring constant prefactors): 



_cos(i(pi - p 2 ))(/'(pi)/'(p 2 ) + g{p\)g{p2)) - sin(t(pi - p 2 )) 
Cf'{pi)Kp2) - g{pi)J{p7))] (*So(pi - P2) - SmWPl ~ P2)) ) (pipa)" ^1 dp: 

J V P\- P2 ' 



+ (-1)" // [cos(t(p 1 +p 2 ))(/'(p 1 )/'(p 2 )-5(p 1 )ff(p 2 )) 

sin(t(pi + p 2 )) 



sin(t(p 1 + p 2 ))(/'(p!)g(p 2 ) + ff(pi)/'(p 2 ))] V ^^ (Pip 2 r dpidp 2 

Pi + P2 
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which further simplifies to (integration extending over (0,oo)) 
(l/'(p)| a + l$(p)lV- X dP 

irr sin(2t( Pl - P2 )) . + 

+ J // 1 - cos ( 2 ^ ~ ^)) ( // (/9l) ^y _ g( Pl )Ji^))( PlP2 rd Pl dp 2 

2 J J Pi - P2 

2 J J P1+P2 

+ t rr rr i- coefrfo + P2 )) ; ^- + ^ 
2 j j P1 + P2 

We may now pass to the limit i — » 00. The terms involving sin(2i(pi + P2)) and 
cos(2i(/9i + P2)) hi the fourth and fifth lines, respectively, vanish in the limit t — > 
00 as can be seen by integration by parts (we may again assume that the data 
are Schwartz). The asymptotic form of the terms involving sin(2i(pi — P2 )) and 
cos(2i(pi — P2 )) in the second and third lines, respectively, follows from 

ff sm(2t( Pl - pa)) .^^j^^^—^ d 

f ^°°JJ Pl - P2 

= ^J(\f'(p)\ 2 + \9(p)\ 2 )p d - 1 dp 

and 

cos(2t( Pl - p 2 )) 



l im // v vrx r*n (//( pi )^ ()Q2 ) _ g( Pl )f'( P2 ))(p lP2 r d Pl d P2 = 

J J P\~P2 

In conclusion, we obtain the following asymptotic expression for the left-hand side 
of (fTTj) for d odd as t — > ±00: 



(22) 

111 1 _______ 

±Re 



+ (-1)" ; /'(p 1 ).9(p 2 )(pip 2 ) M dpidp2 



Pl - Pi Pl+ P2 

up to a constant prefactor, and with integration extending over (0, 00). This is 
exactly (g}. □ 

In order to deduce ^ from (f2"2"j) . one chooses the direction of time so as the make 
the second line of (f2"2"j) nonnegative. 

3. Delayed exterior energy and energy concentration 

We now turn to a delayed version of the exterior energy bound. We will rely on the 
radial Fourier formalism from the proof of Theorem [T] without further mention. 

Proof of Proposition^ Denote by u(t,x) = S(t)(f,g) the solution of the wave 
equation ([1} as above. We first remark that by conservation of energy ((S|) is equiv- 
alent to the following: 

IK/, g)\\h xL 2 - l|v t ,x«Hi» (W > t _T) < 4(f,9)\\% xL * (23) 
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for alii > T where T = T(e, /, g, d). Due to the fact that 

t i-> ||Vt,a.u(t)||ia(|a.|>i-r) 

is monotone decreasing, we see that is a consequence of the following bound 



lim sup 

t— >-\-oo 



(/,s)ll^ xia -||Vt l9 :«||i a(W > t _ T) <e\\(f,g)\\% lxL2 (24) 



which we now prove. Moreover, it suffices to let /, g be Schwartz functions by energy 
bounds, and we may assume that f(p) and g(p) are supported on < p* < p < 
p* < oo. We begin with the kinetic part of the outer energy, viz. 

(2^-||9 tU (i + r)||| 2(|;E| > t) = (2 7 r)' i |§' i - 1 | jf -IftuCt + T.rJlV-^r 
= (27r) d |§ d - 1 | lim / -\d t u(t + T,r)\ 2 r d - 1 e- £r dr 

e^O+J t 2 

= £ hm + / ff^- S m((t + T)p 1 )p 1 f(p 1 ) + co S ((t + T)p 1 )g(p 1 )) ^ 



- sin((t + T)p 2 )p 2 f{p 2 ) + cos((< + T)p 2 )g{p 2 )^ 

• JArpi)Mrp 2 ){r 2 p lP2 )- v {p l p 2 ) d - 1 d Pl dp 2 r^ 1 e~* T dr. 

For each e > fixed, the integrals here are absolutely convergent. In view of the 
asymptotic expansion of the Bessel functions ([7jl, the leading term for <j9j) is given 
by the following expression, where p = v + \ = : 

oo oo oo 

I(T, t) := i £ hm J J J (- M(t + T)p 1 ) Pl f(p 1 ) + cos((t + T) / , 1 )g(p 1 )) 

^ ! " ; N (26) 

■ (- sm((t + T) P2 )p 2 f(p 2 ) + cos((i + T) P2 )g(p 2 )) 

■ cos(rpi - t) cos(rp 2 - r){pip 2 Y dp\dp 2 e~ er dr. 

We now proceed to estimate I(T,t), and then show later that the higher order 
corrections to the Bessel asymptotics contribute terms that vanish as t — > oo. To 
be more precise, we shall show at the end of the proof that 

VT,i>0, ^L\\d t u(t + T)\\ 2 L2{lxl > t) = I{T,t) + 0{t- 1 ) as i ^ oo. (27) 
First, we expand I as follows: With p := v + | = =^i, 



oo oo oo 



t 



sin((t + T) Pl ) cos((t + T)p 2 ) Pl f(p 1 )g(p 2 ) 



sin((i + 2> 2 ) cos((f + T)pi)p 2 f(p 2 )g(pi) 



(28) 



+ cos((i + T)p x ) cos((t + T)p 2 )g(p 1 )g{p 2 ) j 
■ [{-If sin(r(pi + p 2 )) + cos(r(pi - p 2 ))] d/Mp2 e~ er dr. 

Inserting (US]), (O into (25) yields 

J(T, t) = 7i (t + T) + (- 1 )"7 2 (T, t) - 7 3 (7, t), 
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where 



oo 

h(s) = \rc J (sin 2 ( S p)p 2 |/(p)| 2 -2 S m(2 S p)pf(p)W) + cosH S p)\g(p)\ 2 )p d - 1 d P 



OO oo 

I 2(T,t) = ^ J J ((cos((t + T)(p 1 -p 2 ))-cos((t + T)(p 1 +p 2 )))pJ(p 1 )p 2 J(ri 







- (sin((* + T)( Pl + pa)) + sin((i + T)( Pl - p 2 )))pi/(pi)^) 

- (sin((i + T)( Pl + pa)) - sin((t + T)(pi - p 2 )))g{pi)pj{p~2) 
+ (cos((t + T)(p 1 -p 2 )) + cos((i + T)(p 1 +p 2 )))5(p 1 )^ 2 7) 

COs(t(pi +p 2 )) / >„, , 

; \p\piY dp x dp 2 

Pl+ P2 

OO OO 

1 



h{T,t) = — / / ((cos((t + T)(p 1 -p 2 ))-cos((t + T)(p 1 +p 2 )))p 1 /(p 1 )p 2 /(p2) 







- (sin((* + T)( Pl + p 2 )) + sin((i + T)(p x - p 2 )))pi/(pi)^) 

- (sin((i + T)( Pl + p 2 )) - sin((t + T)( Pl - p 2 ))).g(pi)p 2 7(H 
+ (cos((t + T)(p 1 -p 2 ))+cos((t + T)(p 1 +p 2 )))g(p 1 )yJp7)) 

sin(i(pi - p 2 )) 
— i — LL (piP2^dpidp 2 . 

Pi - P2 

Passing to the limit s->oo (by Riemann-Lebesgue or using the Schwartz property 
of the integrand) yields 

h{8)^-J ( P 2 \f{p)\ 2 + \g{p)\ 2 )p d - 1 dp=:I l (^) 

I ^) = ^\i\\f\\l, + H\h) 

where the second line uses the Plancherel formula \\g\\\ = {2ir) d \\g\\2 in L 2 (R d ). 

Next, for the the terms containing the Hankel-transform kernel — 7 — we claim 

' b P1+P2 

that the following representation holds: 

h{T,t) = ±- [[ cos(T( ^ + P2)) ( - Pif(pi)p 2 J{pV) + g(pi)gJpV)) (P1P2Y d Pl d P2 

OTT J J Pi + P 2 



sin(T(pi + p 2 )) 



Pif{pi)g{P2){piP2Y dpidp 2 + I 2 {T, t), 



Pi + P2 

(29) 
where 

VT,t>0, |72(T,t)|<c(d)(||/||^ 1 +||fl||i2), VT>0, 7 2 (T,t)^0ast^+^. 

Moreover, the convergence as t — > 00 here holds uniformly in T > 0. 

To verify this claim, notice first that as pi,p 2 G [p*,p*] for some p*,p* > 0, the 

denominator does not create any singularity. We simplify the trigonometric 

Pi + P2 
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terms as follows, denoting by z either sin or cos (which can change from one line 
to the next): 

z((t + T)(p 1 -p 2 ))cos(t( Pl + p 2 )) 
= i [z(2t Pl + T( Pl - p 2 )) + z(-2tp 2 + T( Pl - p 2 ))} . 

Note that there is no complete cancellation of t in this process. Hence for all terms 
of the type 

h{t,T) := ff z(2t Pl + T( Pl - P2 )) HElMEll {pip2 y dpidp2 
J J P1 + P2 

(and symmetrically in p\ and p 2 ), we see that for all T one has I\(t,T) = Ot(l) as 
t — > +00, and uniformly in T > 0. The uniformity is established as follows: by the 
support and smoothness properties of hi, 

e±i [ 2tpi+ n P1 - P2 )} h ^ h ^\ PlP2 y dpidp2 

Pl + P2 

e ±i(2 t+ T )P1 hkil {piP2r dpi e^h 2 ( P2 ) d P2 

Pl + P2 

' 1 r -±WO« B fhkM) dpi pte^hM d P2 

V 01 + 09 ' 



i{2t + T)JJ P1 \pi+P2 
as desired. For the terms with z((t + T)(pi + p 2 )) we use the identity 

sin((i + T)(pi + P2 )) cos(t( Pl + p 2 )) = - [ sin((2t + T)( Pl + p 2 )) + sm(T( Pl + p 2 ))] . 

The first term yields a contribution of ot(l) as before whence 



iin((t+T)(/3 1 +/3 2 )) (pif{pi)9(p2)+g(pi)p2f(P2) ) C ° S t P ] + P2 {pipiYdpxdpz 

V Pl + P2 



sin(T(px + p 2 )) 



= Re // ■ pif{pi)g(p 2 )(pip 2 )^dpidp 2 + o t (l) 

J J P1+P2 

as t — > 00, uniformly in T > 0. We also used the symmetry here to reduce to one 
pair of functions. In the same way, 

cos((t + T)( Pl + P2 j) cos(t(pi + P2 )) = - [ cos((2t + T)[pi + p 2 )) + cos(T( j o 1 + p 2 ))] . 
The first term makes a contribution of o t (l), again uniformly in T > 0, and thus 



S ((t+T)(p 1+P2 ))) (-pif(pi)p2f(P2)+g(Pi)g(P2)) c ° s[ [p ]_ + P2)) (pmY d P id P2 

V / pi + p 2 

1 f f cos(T( Pl + p 2 )) 



., , , . v - Plf(Pl)P2f(p2)+g(pi)g(p2) ){PlP2T dpidp 2 +o t {\) 

2 J J pi + 92 

and we have proved (|2T))) . 

It remains to deal with the J3-term. Let hi, h 2 denote any of the functions 
1[o,+oo)(p)p m+1 /(p) or 1[o,+oo)(pKs(p)- 
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Here hj are the one- dimensional Fourier transforms. We write the trigonometric 
factors in exponential form: all the terms are of the type 



f f e ^T )[pM MtQ* - P2 )) k[ ) l^ )dpidp2 
J J P1-P2 

= \f * (e tit+T ^h 1 ))(p 2 ) e ^(t+T) P2 h 2 (p 2 )dp 2 



(30) 



1 

-in 



hi(r + (t + T))h2(rT(t + T))dr 
-t 



where we used Plancherel on the last line. Via Cauchy-Schwarz we can bound these 
terms by 

\\hl\\L 2 (\x\>T)\\h 2 \\L 2 (\x\>T)- (31) 



cannot simply express the previous expression by one involving the energy of (/, g) 
over {\x\ > T}. However, it is clear that (|3ip can be made arbitrarily small by 
taking T > T*. 

In summary, we arrive at the following preliminary conclusion: 

Given e > there exists T* = T*(e, /, g) such that the following holds: for any 

T > T* 



J(T,t)> Ji(oo)(l-e) 
, (-1)" ffcos(T( Pl +p 2 )) 



07T J J Pl+p 2 

ffsm(T(p 1+P2 )) 



Pif(pi)p2f(p2) + g(pi)g(p2)) {P1P2Y dp x dp 2 



. Re I v vgf ^ ; V i/(pi)ff(p2)(piP2) M dpicip2 + /(T, t), 

(32) 

where 

Vt>0, |7(T,t)| < Ci^dl/H^ + \\gf L i), and I(T, t) -> as t -> +00. 

The constants here do not depend on T , and the vanishing of I as t — > 00 holds 
uniformly in T > 0. 
To proceed we first note that 
1 rT 

Tj (^\\ 2 HH\x\>r) + \\9\\h(\x\>r))dT -^0 (33) 



as T — > oo. The double integrals in (|32|) will be dealt with by randomizing T, in 
other words, by taking averages in T. This process becomes degenerate for small 
frequencies pi,p 2 . However, by the uncertainty principle (which amounts to an 
application of Bernstein's inequality), these small frequencies occur only with small 
probability and can therefore be ignored. 

To be specific, we rely on the following simple fact: let h £ L 2 (R d ) be such that 
II^IIl 2 (|:e|>-R) ^ ^II^-IIl 2 - Then, with h being the Fourier transform in R d , 

\\h\\ L2(mp) <c(d)((Rp^+6)\\h\\ L ,. (34) 

To prove this property, let hi := hli\ x \<m, h 2 := h— hi- Then ||/i2||l 2 < c (g0<5||^||l 2 
and 

fhi\\ L °° < \\hi\\ L1 < c{d)Ri || hi || L 2 < c{d)R§\\h\\ L .. 
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Now, by Cauchy-Schwarz, 

\\hih^\< P ) < V\{\Z\<p}\\\hi\\L- < c{d){Rp)i\\h\\ L *. 



As h = hi + h 2 , (J34J) follows. 

We apply (|34|1 to establish the following "randomized estimate" on the double inte- 
grals in (|32p . We formulate it as a general principle: 

Given S > and any hi,h,2 G L 2 (M. d ) radial, there exists T* = T*(5,hi,ti2) such 
that for all T > T* , 



1 f T f f e iT ( pi+P2 ' > 



T J J J P1+P2 



-hi{pi)h 2 {p2) {P1P2Y dpidp 2 dr 



<c{d)6 2 \\hi\\ L 2\\h2\\v. 

(35) 



With T, p > to be determined later, we split the integral into two parts: 

1 f T f f e iT (Pl+P2) „ - 

I<p(t,T):=— // ■ hi{pi)h 2 {pi) {pxpiY dp 1 dp 2 dr, 

1 JO J Jpi+p 2 <P Pi + P2 

I r T r r e iT(pi+P2) 



I> P (t,T):=— // ■ h 1 (pi)h 2 (p2) {pipsY dpidp 2 dr 

1 JO J Jpi+p 2 >P Pi + P2 

where it is understood that px,p 2 > 0. Then with R as in (|34f 

\I<p(t,T)\ < — / / / ■ {pip 2 Y dpidp 2 dr 

T J J J P1+P2 

< || J ff(|^l(pi)|Pil[p 1 <p])||LHI^2(p2)P2lU 2 (|p2|<p) 

<c(d) 2 ((Rp)i +6) 2 \\h 1 \\ L 4h 2 \\ L *. 

POO j ' (g\ 

where we used L 2 -boundedness of the Hankel transform (Hf)(r) :— / ds 

Jo r +_ s 

and (|34[) to pass to the final estimate. For the second term, we integrate first in r 

2 ff \k(pi)h 2 ( P2 )\ 



\I> P (t, T)\<- ' t 1 ' ,2 (P1P2Y dpxdp 2 

TJJ P1 +P2>P KP1+P2Y 

< ^{H(\hM), \h 2 \p») < ^II^II^II^H^ 

where (•,•) is the L 2 (0, oo)-pairing. Taking first R large (depending on S,hi,h 2 ), 
then p small, and finally T large implies (|3"5|) . 

It is now a simple matter to finish the estimation of the principal term. Indeed, fix 
a small e > (to be determined later) and let T*, T, > be sufficiently large. Then 
for all T > max(T*, T*) and t > 0, we obtain the following lower bound on (|32l) : 

i ^ /(r, t) dr > (1 - e)h M - i ^ | J(r, t) | dr. 

By the asymptotic behavior of I(r,t) we see that given e > there exists To, 
depending on s, f,g and d, such that for all T > To 

1 f T 

lim sup— / I(t, t) dr > (1 — e)Ii(oo). 

t— >oo 1 Jo 

Recall that so far we have only dealt with the kinetic part of the energy, i.e., the 
one given by d t u. Note that this gives us only half of what we need, since Ii(oo) 
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equals half of the full energy. The other half comes from d r u{t, r), the contribution 
of which is given by 



1 r 1 

{2^) d \S d - l \- l -\\d r u{t + T)\\l^ t) = {2v) d / \ dr u(t + T,r)\ 2 r 



|2 „d-l 



dr 

h 2 

= (27r) d lim / -\d r u(t + T,r)\ 2 r d - l e- er dr 

e^0+ J t 2 

= to*_f Jj\ (cos((* + T) Pl ) Pl f{ Pl ) + sin((< + T)pi)5(pi)) 
■ (cos((i + T)p 2 )p 2 j%^) + sin((< + 7> 2 )«H^)) 

• -#(rpi) JlM(r 2 pi P 2)- u (pm) d - 1 dpidp 2 r d - Y e~ er dr + o t (l) 

as t — > oo, see (|12l) . The final term here results from the derivatives in r falling on 
the r 2v weight outside of the Bessel functions, see below for the treatment of such 
error terms. Plugging in the asymptotics from ([7]). and performing the same type 
of arguments as before now yields 

1 f T 

limsup- / ||V M ,u(t)||£ a( | B | >t _ T) dT > (l-e)||(/,fl)|||i xza 

t— too J Jo 

for all T > T Q . We also used the Plancherel identity ||/||^ = (27r) d ||/|||. By the 
monotonicity of the exterior energy, we can take T = T n which leads to the desired 
result. 

It remains to verify the dominance of the leading order terms of the Bessel expansion 
as expressed by (|27|) . This is very similar to the corresponding argument in the proof 
of Theorem [TJ Indeed, subtracting ([26)) from (|25|) yields, with ojj as in (jHJ, 

oo oo oo 
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I(T, t) := - hm + (- sin((t + T) Pl ) Pl f( Pl ) + cos((* + T) Pl )g{p x )) 



t 



• (- sin((t + T)p 2 )p 2 f(p 2 ) + cob((* + T) P2 )g{p % j) 

■ [(uJ 2 {rpi) +u 2 {rp 2 ) + uJ 2 (rpi)u> 2 (rp 2 )) cos(rpi - r)cos(rp 2 - r) 

+ wi(rpi)(l + oj 2 (r P2 )) sin(rpi - r) cos(rp 2 - r) 

+ wi(rp2)(l + ^(rpi)) sin(rp 2 - r) cos(rpi - r) 

+ wi(rpi)wi(rp 2 ) sin(rpi - t) sin(r/9 2 - r)] (pip 2 ) M dpidp 2 e~ er dr. 

All terms here are treated in a similar fashion. As one example, consider for all 
e > the error term 

oo oo oo 

£i(e) := J J J sm((t + T) Pl )sm((t + T) P2 )cos(r Pl - r) sin(rp 2 -T)wi(rft,) 

t 

• f(Pi)7iP2)(piP 2 r +1 e- £r d Pl d P2 dr, 

As before, we write 

cos(rp! - r) sin(rp 2 - r) = -- [(-1)" cos(r( j o 1 + p 2 )) + sia(r(pi - p 2 ))] , 

expand the trigonometric functions on the right-hand side into complex exponen- 
tials, and perform an integration by parts in the r variable as in (fT5|) . We apply this 
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with a = pi + pi and a = p\ — pi to the fully expanded form of E\ (e) as explained 
above. In both cases one has the uniform bounds 



sup 

£>0 



dp 2 



<cu\\ 2 - 



(pi ± p 2 ) ± is 

In order to use this, we distribute the exponential factors as well as all weights over 

the functions f(pi) and /(P2), respectively. For the first term on the right-hand 
side of (fTS)) we then obtain an estimate 0(i _1 ) from the decay of the weight u>, 
whereas for the integral in (TT5)) we obtain a 0(r~ 2 )-bound via 

sup\uj'{rp)p 2 \ < Cr~ 2 

p>0 

which then leads to the final bound 

0{r- 2 )dr = 0{t~ l ). 

The O-here are uniform in e > 0. Note that various p-factors which are introduced 
by the w-weights are harmless due to our standing assumption that < p„ < p < 
p*. □ 

Proof of Theorem [JJ This is an immediate consequence of Proposition [3] and the 
monotonicity of the energy on the region {\x\ > t + T}. □ 

4. Concentration compactness decompositions 

This final section collects several admittedly technical results which are, however, 
of crucial importance in the implementation of nonlinear arguments in our followup 
work PUS]. The main results in this section are as follows: 

• Localization of the energy to the exterior of balls centered at the origin 
does not affect the Pythagoras theorem for the energy in the linear radial 
concentration-compactness decomposition. This is formulated precisely in 
Corolloray [8] below. 

• Suppose a sequence of radial free waves, uniformly bounded in energy, con- 
verges to zero in the Strichartz sense. Then it will continue to do so if the 
data are truncated smoothly to (the exterior of) balls centered at the origin, 
but of arbitrary radii. See Lemma [Til below . 

The first fact is established in [7], and the second one in [5], both in three dimensions. 
By means of the machinery of the previous sections we can extend their validity to 
even dimensions. 

4.1. A bilinear convergence property. The main technical issue in the proof 
of Corolloray [8] is addressed in the following bilinear result. Note the inclusion of 
the cut-offs {|x| > r n } or {|a;| < r n ] in O, ({57)1 . 

Lemma 6. Let w n = (w n ^,w n ,i) be a bounded sequence in of radial functions in 
H 1 x L 2 . Let t n ,r n be two sequences (r n >0). Assume that V Xit S(—t n )w n in 
L 2 as n — > 00. Then for any U = (uo, ui) G (H 1 x L 2 )(R d ), one has 

V x j,S{t n )U ■ (V x w n fli w n> i) dx -!• as n -s> +00, (36) 
^x,tS(t n )U ■ (V x w n fi, w n> i) dx — >■ as n — > +00 (37) 
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Proof. By conservation of the linear energy, one has 



Vx,tS(t n )U ■ {V x w nt o, w n> i) dx 
d ^ (38) 

/ V x ,tU ■ S(-t n )CV x w nt o,w n ^)dx -> as n -> +00. 



Hence, (|37l) and (1361) are equivalent. 

By unitarity of the evolution we may assume that u is a Schwartz function with 
Fourier support away from the origin. Also it suffices to show the claim assuming 
that the sequences 

(in)™ (r n )n, (t n -r n ) n and (t n + r n ) n have a limit in R. 

If t n has a finite limit, then S(t n )U converges strongly in L 2 and (V x w n ,o, w n ,i) 
converges weakly in L 2 . Now recall the following simple fact: if /„ — 1 / weakly in 
L 2 , and a n — > a € K, the dominated convergence theorem shows that 

l\x\>a n fn l(o,+oo)/ weakly in L 2 . 

Applying this to a n = r„ and /„ = (Vjio^oj^i) yields the result in this case. 
We now turn to the case when \imt n G {±cx)}. We have shown above that the 
sequence V x ,tS(t n )U asymptotically concentrates its L 2 mass where ||x| — \t n \\ < R. 
In particular, 



/ \Vx,tS(t n )U\ 2 -> 0. 

J\x\<\t n \/2 



\x\<\t n \/2 

If r n is bounded, it then transpires that 

^ x ,tS{t n )U ■ (V x w n>0 , w n> x) dx -> 0, 

|x|<r n 

and we are done with this case. 

It remains to treat the case where both (t n ) n and (r„) n have infinite limits. We 
proceed as in the proof of Proposition [31 using the Fourier representation and 

d- 2 

the Bessel functions J v with f = — - — . Retaining only the leading orders in the 
expansions of these functions the dominant contribution to (I36p is given by 



00 />oo 



COS 



(tnp)puo(p) + shx{t n p)ui (p)) sin(rp - r) [rp) v 2 p d 1 dp 







DO 



n t o(a)a sin(ra — r)(ra) v 2 a d 1 da e £r r d 1 dr 







00 />oo 



( - sm(t n p)pu (p) + cos(t„p)uT(p)) cos(rp - r)(rp) v 2 p d 1 dp 

) 

uh^i(a) cos(rcr — T)(ra)~ v ~ * (j d ~ x da e~ er r d ~ x dr 
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ill the limit e — > 0+. Carrying out the r-integration and passing to the limit yields 
the expression 



OG fOO 

d—1 



o Jo 



oo poo 



(39) 



(cos(t n p)pu (p) + sm(t n p)ui(p)) p 2 aw n> o(a)a 2 

fx/ \ sm(r n (p-a)) cos(r»(p + 
(iTd Q {p-a) (-1) ■ dpda 

V p — a p + cr / 

sin(t„p)puJ(/9) + cos(i n p)uT(p))/9~ {^(c^ct^ 1 
a) - si ^P-^ + ( _ ir coB(r n (p + t 7))N ^ d(T 

V p — cr /9 + cr / 

The (5o make the following contribution to (p?9")) : 

ptto(p) [ cos(t n p)pw^~ (p) - sm(t n p)w^i(p)] p d ~ x dp 

p OG 

+ / uT(/9)[sin(t„p)piZv~o(p) +cos(t n p)w^ 1 (p)]p d ~ 1 dp 



which tends to by the assumption on w n . Next, we extract the terms involving 
the Hilbert transform kernel from (|39|) (ignoring multiplicative constants): 



oo poo 



{pu (p)[cos(*„p)cru; n ,o(cr) - sin(t n p)wZ 1 (a)] + 

^ . . r . . . . . . . . . , .-, "1 sin(r n (p — cr)) j-i 

+ ui(p)\sm(t n p)aw n o(a)+cos{t n p)w n i(a)\\ (pa) 2 dpda 

j p — a 

(40) 

Using simple trigonometry, the terms involving uq can be transformed into the 
following expression: 

pu (p)\[sm((t n + r n )(p - a)) - sin((i„ - r n )(p - a))] cos(t n a)aw nfi (a) 
o Jo 1 

+ [cos((t n + r n){p - cr)) - cos((r„ - f„)(p - cr))] sm(t n a)aw^o(cr) 
- [cos((t„ - r n )(p - cr)) - cos((i„ + r n )(p- a))] cos(t n a)w^i(a) 

[ - sin((t„ - r n )(p - a)) + sin((i n + r n )(p - a))] sin(t n a)w^i(a) \ dpda 

1 > p — a 

puo(p) j [sin((t„ + r n )(p- a)) + sin((r„ - t n )(p - cr))] 

x (cos(i„cr)CT7lv^)(cr) - sin(i„cr)u^i(cr)) 
+ [cos((*„ +r n )(p-a)) -cos((r„ - t n )(p - a))] 

x ( sin(t„ cr)cru^Tb(cr) + cos(t„cr)u5^~i (cr)) > dpda 

K ' y J p — cr 

(41) 

Define, with &\ the Fourier transform on R, 

uo := ^T 1 (lR+puJ(p)^) G i 2 (M) 
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Then with some constant c, 



r e± .B„(p- CT ) P3i£l p ^ dp = cJ r l(sign( . ± Bn )u Q ) (a) 
Jo P-° 
If B n has a limit in R or ±00, then this converges strongly in L 2 (R): in our case, 
B n is i„ + r„ or t n — r n . Thus, (|41[) can be reduced to the form (v n , v n ) — > where 
v n converges strongly in L 2 and v n — weakly in L 2 as n -> 00. Analogously, the 
terms involving mi in (|40|) are reduced to the following expressions: 



00 />oo 



ui(p)< [sin((*„ + r n )(p- a)) - sin((t„ - r„)(p - <x))] 
Jo l - 

( sin(t n cr)cri5^o(c7) + cos(i„cr)w^i(cr)) 
- [cos((t„ + r n )(p - a)) - cos((t„ - r„)(p - a))] 

(cos(t„a)crty^)((T) - sin(t„a)wwL (cr)) }■ dpder 

) p — a 

which converges to zero by the same reason. 

It remains to handle the terms in (|39l) involving the Hankel kernel . Using 

p + (J 

the same type of trigonometric identities as above the terms involving the Hankel 
kernel as well as w are transformed into the following ones: 



JO 



pu (p){ [sin((i n +r n )(p + a)) + sin((t„ - r n )(p + a))] 

(sm(t n a)aw^o(a) + cos(t n a)w^i(a)) 
+ [cos((t„ +r n )(p + a)) +cos((i„ - r n )(p + a))] 

(cos(t n cr)crw n .o{cr) - sin(t n a)w n i(a)) } ■ dpda 

> p + u 

We proceed as in the case of the Hilbert transform, considering 

w := pu5(p)p—) 

instead of uq, and noticing 

r e ±iB„ {p+ „) pMe! p ^ dp = c ^ l(sign( . zp Bn )u ) (a). 
Jo P + ° 

We argue analogously for the terms involving the Hankel kernel as well as iti, which 
are of the form 

«T(p){[sin((t n +r n )(p + a)) +sin((t„ - r n )(p + a))] 
- [cos((t„ +r„)(p + cr)) +cos((t n - r n )(p + a))] 

}(/9Cr) — ~ 
dpda 
p + o 

By inspection, these also vanish in the limit n 00. 

It remains to deal with the errors resulting from the lower orders in ([7]) . In contrast 
to the leading order, no use is going to be made of the weak convergence assumption 
on w n - Indeed, just by means of L 2 -estimation and the gain of (at least) one power 
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Jo 



stemming from the loj and Qj factors in ([7]), one obtains a 0{r~ l ) bound on all of 
the contributions of these terms to the left-hand side of (pit!]) (recall our assumption 
p > p* > 0, and the same for a). To be more specific, the error terms are of the 
form 

/>oo 

/ (^OMW^M + P„,!W<0 W + Pn.lW™:,^))^ 1 * (42) 

where 

f°° / ^ sm(t n p) ^ \ , 
U n A r ) = J ycos(t n p)uo{p) H ui{p) J (u)i(rp) cos{rp - t) 

- td 2 {rp) sin(r j o - r))(rpy u ~^ p d dp 

w n} i(r) = I w^{a)(uj\(ra) coslra — r) — <I>2(ra) sin(rcr — r)) {ra)~ y ~ *a d da 
Jo 

Let us consider the first term in (pt2"j) : 

UnArXAry 1 - 1 dr 



oo 



= lim / / ( cos(t n p)Ho~(p) + sin(rp - r)(rp) " ^/dp 

{y7i(c) (wi(rcr) cos(rcr — r) — £l>2(f cr) sin(rcr — r)) (rcr) - "" 5 ^ dcr e~ er r d ~ x dr 

(43) 

In view of (|T8| the r-integral here is of the form 

e -[E=Fi-r]t /•oo e -[e T i r ] r 
ui(ra) dr = ui(ta) + / Lo'(ra)adr (44) 

for all t > 0, ct > 0. Inserting the boundary term on the right-hand side of fH)) 
into (|42f yields expressions of the form, for j = 1,2, 

f-oo ^oo e ±rt„ J o e -( E ±i(p± CT ))(t„+A) 



JO 



-Cj j (r n a)u ~(p)vM(cr)(ap) * dpda 



e ±i(p± a) 

where the signs are chosen independently of each other. By the L 2 -boundedness 
of the Hilbert, respectively, Hankel transforms and the fact that a > p* > 0, we 
conclude that uniformly in e > this expression is 0(t~ 1 ). Similarly, the integral 
on the right-hand side of yields 



oo poo e ±it n p e -(£±i(p±a))r ^ ^ d+i 

-uj'Ara)au^(p)w^ l (a)(ap)^ r ~ dpda 



dr 



e ±i(p± a) 

Again by L 2 -boundedness the expression in brackets is 0(r~ 2 ) uniformly in e > 
and n. Integrating this in r > r n then yields 0(r~ r ) as before. This shows that 
the entire first term on the right-hand side of (fi2"j) is Ofr^ 1 ). The second and third 
terms satisfy the same bound and we are done. □ 

4.2. Energy partition for profile decompositions. We first recall the notion of 
a profile decomposition which originates in this form in [2] . It plays a fundamental 
role in the analysis of nonlinear equations at large energies. See for example [5, 6 J 
and Oil]. 
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Definition 7. We say that a sequence (uo jn ,u± >n ) c H 1 x L 2 admits a profile 
decomposition (U^dtUDj^ C i/ 1 x L 2 (solutions to the linear wave equation 
(dJ), with parameters (Xj jn) tj,n), and remainder w J n (also solutions to the linear 
wave equation (jTJ) ) if there holds 

J 



j=l A j,n 

U M = E TdT^ 



0? - 



3? n 



1 A j,n 



I J 3 



where lim limsup ||u>^ 



w^(Q,x) 



+ d t vjJ(0,x), 



i*) — 



(45) 



and the parameters are pseudo-orthogonal, that is for all i =/= j, 



"in 



-00 as n 



The following corollary is the first of the two main results of this section. 

Corollary 8. Let {(u n , be a bounded sequence in H 1 x L 2 , and assume it 

admits a profile decomposition (|45|) with profiles {UDjeN, parameters (Xj <n , tj t7l ), 
and remainder w^. Let t n ,r n be two sequences. Then we have the Pythagorean 
expansion: 



x\>r 
J 



(|V x n ,„(a;)| 2 + |ui,„(a;)| 2 ) dx 



E 



, , \d 

j=l J \x\>r„ A j,n 



Vwt/ L 



^j,n X 



dx- 



\V x , t w n {0,x)\ 2 dx+o n (l). 



\x\>rn 



Proof. It suffices to prove that the cross terms go to 0, i.e. 



Vi ^ j, 



1 



'|a|>r„ A 
V j < J, 



d/2 
i.n 



1 



u 



1 



d/2 



d/2 



A 



V Xt tw^(0,x)dx -> 0. 



After scaling, this takes the expression 

tin 



H>r„/Aj 



,x 



.d/2 



u 



dx 0, 



Vj < J, / V x , t E/jj f-^=., ^ A^V^z^O, A^ 2 x) <fe h. 0. 

J\x\>r n /\j, n \ A j.n / 

In both cases we will use Lemma [6] we have to check the weak convergence. In the 
first case, we have 



A 



d/2-1 



A 



d/2 



tj,n A i,n 



A-„ V A J," A J:« 

,d/2 



A' 



d/2 
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>From pseudo-orthogonality, it is clear that this last expression tends weakly to 
in I? . Let us focus on the second, then 

^x,t.S ( X j!n~ lw n,o(°i X 3,nX), Xj^W^O, Aj>x) = X*£V x , t W n (tj, n , Xj,„x) . 

But by construction of a profile decomposition, for j < J, recall that 

\j^V X) tW (tj }n , Xj lTl x) — weakly in L 2 as n — >• +00. □ 

4.3. Asymptotic vanishing of Strichartz norms. Our final goal is to prove the 
stability of the asymptotic vanishing of global Strichartz norms for free radial waves 
under localization of the data, see Lemma [TT] below. In three dimensions, this was 
established in [5; Claim 2.11]. This statement will play an important role in the 
applications of this paper to wave maps, see [3J, [I]. 

Lemma 9 (0 Lemma 4.1]). Let v be a solution to the linear wave equation (TTJ), 
and (t n ) C R, (A n ) C be two sequences. Define the sequence 

1 ( t x 

v n {t,x) 

Assume that — ^ — > £ G M. Then 

An 



A n V A « A 



If £ € {±Oo}, ^ msu V\\Vx,tV n (tn)\\L2(\\x\-\t n \\>R\ n ) ^ as R ~* 

n— ^oo 

IfiER, lim sup || V a; , t 'u„(t rl )|||2 ( | i n ( x /A„)|>i nj R) -> as R^+oo- 

n—too 

Proof. First consider the case <gl, then notice that 

||V;c,iUn(tn)||L 2 (|ln(|a|/A„)|>lnfl) = II ^x,tv{t) \\ £2 (| In \x\ |>ln R) +O n (l), 

from where the result follows. In the case \£\ = +oo, then 

l|Va:,^n(in)||L 2 (||x|-|t„||>flA„) = II ^ x,tV(t n /X n ) || L 2(| | a |_|t„/A„ | |>fl) , 

and the result follows from Theorem [U □ 

Lemma 10 (Claim A.l in |5J). Let (u,dtu) and (w n ,dtw n ) be solutions to the 
linear wave equation (fTJ) bounded in H 1 x L 2 , and let (X n ) n , (tin), (t n ) n , (s n )„ be 
sequences of real numbers (with X n ,[i n > 0). Assume that 

X d n /2 V^ t w n (t n ,X n x) ->■ (0,0) weakly in L 2 . (46) 

If ip is either a radial, compactly supported smooth function such that (p — 1 (or 
(p = 1) in a neighbourhood ofO, we have 

f {—) ^x,tw n (s n ,x) ■ —rj2^x,tu ( S '\ tn , dx 0, (47) 

\Mn/ An' V A ™ A ™/ 

and [(l-<p)(—]Vx,tW n (s n> x)-— TP T'Vx,tu( Sn . dx -» 0. (48) 

7 V/W A„ 7 V A « -W 

asn->oo. 

Proof. By conservation of the linear energy for solutions to (TTJ), and we have 

, ,1 ( &yi *^ i j 

Xn' V A ™ X n ) 
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t w n (t n ,x) ■ V x>t it — r — -,x dx 

\t /2 Vx,tWn(tn,Kx)-Vx,tU(0,x) dx -> 0. (49) 



where we used weak convergence (|4T))) . This settles the case tp = 1. Also this 
shows that is suffices to prove (|4"5)l . For this we will use Lemma [5] Writing ^(z) = 

- J l[ y > z ]<p'(y)dy, we have 

where F n (y) = j l [x <^ y] V x , t w n {s n ,x) ■ -jpf^x,tu ( S " - ,^-) dx. 
Unsealing, we see that 

x n x) ■ v x , t u y ^ ^j dx - 

Now we compute 



(\ d J 2 - x w n {a n , \ n x), X d J 2 dtw n (s n ,X n x^ 



= \n /2 Vx,tw n {t n , Ax) in L 



(50) 



2 



by hypothesis. Hence (|5rH) ensures that for all y, F n (y) — > as n — > +oo. Further- 
more, it is clear that 

\F n (y)\ < Ku,d t u)\\ AlxL2 \\(w n ,dtw n )\\ klxL2 <M. 

Hence for all n, \<p'(y)F n (y)\ < M\ip'(y)\. As <p>' € L 1 , the Theorem of dominated 
convergence applies and 

|>OG 

<p'{y)F n {y)dy -> 0. □ 



We are now in a position to derive the aforementioned stability result for the as- 
ymptotic vanishing of the Strichartz norms. 

Lemma 11 (Claim 2.11 in |5j). Let w n be a sequence of radial solutions to the 
linear wave equation JT]) with bounded energy and such that 

\\w n \\s(S.) -> as n ->• +oo. 

Let (wo, n ,wi }n ) be the initial data of w n , x G 0$(M. d ) radial and such that x=l 
around the origin, and X n be a sequence of positive numbers. Consider the solution 
v n to (TTJ) with truncated data 

( v Ml -l/A lfi(\ ■ |/A„)wi,n), 

where p = X or p = 1 — x- Then 

\\v n \\s(X) -* as n^+oo. 

Proof. It suffice to consider the case p — x- By scaling invariance, we can assume 
that A n = 1 for all n. Notice that convergence to in the Strichartz space S 
is equivalent to having trivial profile decomposition, more precisely, one has the 
following: 
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Let (u n ,dtu n ) be a sequence of solution to ([1}. Then ||wn||,s(R) — > if and only if 
for any sequence (t n ) C R, (/i„) C (0,+oo), 

Vn 2 Vx,tU n (-n n tn,Hnx) weakly in L 2 . (51) 

This a consequence of the construction of a profile decomposition, see [2] for further 
details. 

Hence, let (t n ) C R, (/i rl ) C (0, +00) be two sequences, and (ito,ui) € H 1 x L 2 . 
By density, we can assume that (uo,Mi) are radial, smooth and compactly support 
outside 0, say in {x||a;| S [p*, p*]} for some p*, p* > 0. Define (it, c^it) be the solution 
to {1} with initial data (uo, ui). It suffices to prove that 

/ ~dTi^ x ^ Vn ( -— 1 — ) V X)t u(Q, a;) eta 0. 

Now we compute, 

V { u„ f _^!L 5 .£_ ) \j x tU {x) dx = / V^t^n (0, x) ^ /2 V x , t u(-t n , p n x) dx 
V Mn AW J 

</j (x) V x w„ (0, a;) p^ 2 V x u{t ni p n x) dx 
<p (x) d t w n (0, a;) p d J 2 d t u{t n , p n x) dx 
+ / V x (p(x)w n (0, x) p^ 2 ^ x u(t n ,p n x)dx 



d/2 
Pn 



Then (|5Tt together with (|T7)) , ([35]) shows that the first two terms of the right-hand 
side converge to 0. Hence we are left to prove that 

In ■= / V x <^ (x) w n (0, x) p^ 2 V x u(t n , p n x) dx -» 0. 



It suffices to prove this for subsequences, hence we can assume that t n , p n and 
t n /p n have a limit in R. The claim ensures that w n (0,x) — ^ in H 1 . Recall that 
\7 x ip has compact support away from 0: due to Hardy's inequality, we deduce 

1 — -w n (0, x) — in i 2 -weak, and then V x (p (x) w n (0, a;) — in L 2 -weak. 
\x\ 

In particular ||w n (0, a;)/|a;|||x,2, || V x ip (x) w n (0,x) |j^2 are bounded. 

First assume that t n — » r € M. By Lemma U we see that pf/ 2 \7 xt u \ t n , — 

concentrates L 2 mass on annuli of the form 

{a; | fin/R < \x\ < p n R}. 

Hence if p n — > +oo or if p n — > 0, as V a </5 has compact support away from 0, we see 
that I n — > 0. 

If /i„4(i£ (0, +oo), then 

p n /2 V x u(t n ,p n x) -> p d/2 V x u(r, fix) strongly in L 2 . 
As V x y (a;) is„ (0, x) — 1 in L 2 -weak, we deduce that /„ — > 0. 
We now turn to the case when \t n \ — > +oo. Then Lemma [9] shows that 

limsup||/x^ /2 V a;it M(t„,^„a;) \\h^(\\ x \-\t n \/ n n \>R/ n n ) -> as R -> +oo. (52) 

n— »-+oo 
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If — > +00, then for all R, Supp(V x ip) C {||a;| — > pt n R} when n is 

large enough: hence we see that /„ —> 0. 

Otherwise, — — > £ G R. Using and \i n — > +00, we see that 



\\^ 2 V x , t u(t n A) \\ L2fll!r ,_ Al>nZ ^^0. 



'L 2 (\\x\-A>»n ) 



1/2 

Hence, separating the integral in /„ between the regions {|a;| — 1\ > fj. n } and its 
complement, and writing V x ip (x) — \x\X? x <p(x) we have 

/ \x\\7 x lfi (x) -r^-rW n (0, x) fj,f/ 2 V x u{t n , [l n x)dx + o(l) 

= |^| V x <p (£) / r-r^ (0, a;) n^ 2 X7 x u(t n , n n x)dx + o(l). 

(we used the continuity of I^V^ (x) at £ on the last line, and — > 0). 

Now as - — -w n (0, a;) — * in L 2 , we deduce that the last integral converges to 0, and 
Fl 

/„ — > 0. This completes the proof. □ 
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